Raman spectra of rutile titanium dioxide (TiO 2 ) were measured at temperatures from 100 to 1150 K. Each Raman mode showed unique changes with temperature. Beyond the volume-dependent quasiharmonicity, the explicit anharmonicity was large. A new method was developed to fit the thermal broadenings and shifts of Raman peaks with a full calculation of the kinematics of three-phonon and four-phonon processes, allowing the cubic and quartic components of the anharmonicity to be identified for each Raman mode. A dominant role of phonon-phonon kinematics on phonon shifts and broadenings is reported. Force-field molecular dynamics calculations with the Fourier-transformed velocity autocorrelation method were also used to perform a quantitative study of anharmonic effects, successfully accounting for the anomalous phonon anharmonicity of the B 1g mode.
I. INTRODUCTION
Rutile is the most common and stable crystal structure of titanium dioxide (TiO 2 ), and is important for both science and technology. Owing to its high refractive index and strong ultraviolet resistance, it is used extensively for pigments, optical coatings, and sunscreens. In the past two decades, TiO 2 surfaces have been subjects of research as photocatalysts and high efficiency solar cells. [1] [2] [3] [4] [5] Many questions remain about point defects, vibrational dynamics, size effects, and the recently reported close relationship between surface and bulk properties. [5] [6] [7] A better understanding of the lattice dynamics of rutile will help answer many of them.
Rutile TiO 2 is tetragonal with the space group P 4/mnm. It is stable to 1800 K. 8 The other two naturally occurring phases of TiO 2 , anatase and brookite, are metastable and both convert to rutile upon heating. The 15 optical vibrational modes of rutile TiO 2 have the irreducible representation 1A 1g + 1A 2g + 1A 2u + 1B 1g + 1B 2g + 2B 1u + 1E g + 3E u . The modes of symmetry B 1g , E g , A 1g , and B 2g are Raman active. The Raman-active modes comprise motions of anions with respect to stationary central cations, either perpendicular to the c axis (modes B 1g , A 1g , and B 2g ), or along the c axis (mode E g ). The Raman spectrum of rutile was first recorded by Narayanan, 9 and peak assignments were made by Porto et al. 10 Raman spectrometry has been used in many studies of the lattice dynamics, phase transition, and nanostructures of TiO 2 .
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The present work on rutile TiO 2 focuses on anharmonicity, one of the most important but poorly understood characteristics of lattice dynamics at elevated temperatures. Anharmonic behavior affects crystal stability, heat capacity, optical properties, and thermal transport. It causes shifts of phonon energies with temperature because larger thermal displacements emphasize components of the potential with higher powers of the displacement. Phonon broadening from decreased lifetimes is another anharmonic phenomenon, and an anharmonic model should be able to predict both the broadenings and shifts of the phonons with temperature. To date there have been few studies of anharmonicity of rutile TiO 2 . Perhaps the most complete experimental results are from Samara and Peercy's work in 1973. 11 They reported frequency shifts of Raman modes with temperature and pressure, although the temperature range was below 500 K and no broadening information was reported. Their results show that the B 1g mode, which comprises rotatory motions of the four nearest-neighbor oxygen anions around a central titanium atom (Fig. 1) , is especially interesting. Its frequency changes little with temperature, but softens with pressure. Studies on other materials with the rutile structure, e.g., SnO 2 , MgF 2 , and FeF 2 report similar behavior of the B 1g mode. [17] [18] [19] [20] There are two conflicting views on the physical origin of these anomalies. One attributes it to an incipient structural phase transition, 17, 21, 22 and the other attributes it to a thermal-or pressure-induced lattice contraction. [18] [19] [20] Lattice dynamics calculations based on density functional theory (DFT) were used to study the effect of pressure on phonons in rutile TiO 2 . 22, 23 These calculations were for low temperature and in the quasiharmonic approximation, where phonons are assumed to be harmonic but their frequencies change with volume. Only a few studies have used molecular dynamics (MD) to calculate anharmonic frequency shifts and broadenings of phonon mode of materials 24, 25 and, to our knowledge, no such investigation has yet been performed on rutile TiO 2 .
Here we report measurements of Raman spectra with high resolution at temperatures from 100 to 1150 K. Both phonon frequency shifts and broadenings were measured and analyzed. The quasiharmonic effects from thermal expansion were separated from anharmonic effects of phonon-phonon interactions by comparing temperature-and pressure-dependent trends of the Raman peaks. To identify the effects of cubic and quartic anharmonicity, we developed a new anharmonic analysis that allows data fitting with calculated two-phonon kinematic functionals. We also used force-field molecular dynamics (MD) calculations and Fourier-transformed velocity autocorrelation function methods to study the anharmonicity. The methods proved quite successful, and are able to account for the anomalous phonon softening of the B 1g mode. cell in a furnace with several electrical resistance heating elements insulated by ceramic rods. 26 The heating assembly was supported by stainless steel flanges and surrounded by heat shields made of niobium foil. The assembly was mounted in a quartz optical tube of 1 mm thickness, and evacuated with a turbomolecular pump. Both the interior and exterior of the tube were covered by aluminum foil for thermal radiation shielding. A temperature controller drove a 1 kW direct current power supply for heating power. For low-temperature measurements, the sample cell was mounted on the copper cold finger of a liquid nitrogen filled cryostat and evacuated. Uniformity of sample temperature was confirmed by multiple ultrafine thermocouples mounted at different locations inside the sample cell, and the temperature resolution was ± 1 K. Samples were measured at temperatures from 100 to 1150 K, with intervals of 100 K below 700 K and 50 K above 700 K.
The Raman spectrometer used the 532 nm line from a solidstate laser at power levels of 100 mW or less. A high efficiency long pass edge filter was used to block the laser line. The single pass spectrometer (Princeton Instruments Acton Series 500 mm) used a two-dimensional charge-coupled device camera with thermoelectric cooling (Princeton Instruments PIXIS 400 B). The instrument resolution was 1.4 cm −1 . Each Raman spectrum was accumulated in 10 measurements with 1 s exposure times.
III. MOLECULAR DYNAMICS CALCULATIONS
Our classical molecular dynamics (MD) calculations used simulation tools in the GULP software package. 27 Rutile TiO 2 , with its relatively small ionicity and large dipole moments on anions, is a challenging system for developing an interatomic potential. Few of those we tried [28] [29] [30] [31] could simultaneously provide the crystal structure, elastic properties, thermal expansion, and phonon vibrational frequencies. The best results for phonon properties were obtained with the Buckingham potential (Model 3) developed by Mostoller and Wang (MW shell model). 31 The MW shell model was parameterized by fitting the phonon spectra over the whole Brillouin zone, and the model also gives reasonable bulk properties. We altered slightly this model to improve its transferability and stability at different temperatures and pressures (the shell charge of titanium atoms was increased to 0.37|e|). The parameters of the force-field model were fixed for all the calculations presented below.
To extract anharmonic information on individual phonon modes from the atomic trajectories of the MD simulations, the phonon spectral energy density function g( q,ω) was obtained by the velocity autocorrelation technique 32, 33 
where is an ensemble average, v n,b (t) is the velocity of the atom b in the unit cell n at time t, R n is the equilibrium position of the cell n, and q is the phonon wave vector. Equation (1) is both a time and space Fourier transform, and gives the frequency and lifetime of each phonon mode with a resolution determined by the size of the supercell used in the simulation. Our MD simulations were performed with a 2 × 2 × 20 supercell containing 960 atom cores and shells. We used the Verlet algorithm, an N -P -T ensemble, and a modified Nosé-Hoover thermostat for control of temperature and pressure. Both the isobaric temperature-dependent phonon peaks and the isothermal pressure-dependent phonon peaks were obtained in ranges of 300 to 900 K and 0 to 6 GPa. The run time for each set was 100 ps with time steps of 0.5 fs and sampling periods of 10 fs. The time-dependent atomic trajectories of velocity were postprocessed by the velocity autocorrelation method to 100 200 300 400 500 600 700 800 
IV. RESULTS

A. Experiment
Representative Raman spectra are shown in Fig. 2 . Three of the four Raman active modes, B 1g , E g , and A 1g , have enough intensity for extracting quantitative information on phonon frequencies and linewidths. The strong high-order Raman band around 235 cm −1 is also observed clearly, consistent with the results of Porto, Fleury, and Damen. 10 Mode B 2g proved too weak for obtaining quantitative information (and is even difficult to resolve at low temperature with polarized Raman scattering 10, 11 ). After background subtraction, each peak in each spectrum was fitted to a Lorentzian function to obtain a centroid and full width at half maximum (FWHM). The FWHM data from the experiment were corrected for the finite resolution of the spectrometer. 34 Figure 3 presents these results of peak shifts and widths versus temperature. At room temperature, the Raman peak frequencies were 143 cm −1 , 447 cm −1 , and 612 cm −1 , consistent with the well-accepted data from Porto, Fleury, and Damen. 10 We also find good agreement with the frequency shift data reported by Samara and Peercy 11 at temperatures below 480 K.
The E g mode undergoes a large phonon softening with temperature. The A 1g mode has a small thermal softening at high temperature, but below 400 K the A 1g mode tends to stiffen slightly with temperature, as also reported by Samara and Peercy. 11 The B 1g mode appears to have no thermal shift. The thermal broadenings of E g and A 1g peaks are large, but the B 1g mode shows far less broadening. Table I presents results from our MD simulations and experimental data on lattice parameters, Raman frequencies, thermal expansion, and volume compressibility. The calculated lattice parameters and Raman frequencies were from MD simulations at 300 K. The thermal expansion and compressibility were from isobaric (0 GPa) MD calculations to 900 K and isothermal (300 K) MD calculations to 6 GPa. The agreement with experimental data is good. The good agreement for the thermal expansion is encouraging for the use of the MD calculations for predicting anharmonic behavior. contributes to shifts in phonon frequencies, but also causes phonon damping and lifetime broadening of phonon peaks with temperature. The large peak broadenings and peculiar differences in shifts of the Raman peaks in rutile TiO 2 suggest there are important effects from explicit anharmonicity.
B. MD simulations
To separate the effects of quasiharmonicity and explicit anharmonicity, we treat the mode frequency ω j = ω j (V ,T ) as a function of volume and temperature
where j is the phonon mode index, β is the volume thermal expansivity, and κ is the isothermal compressibility. The lefthand side gives the temperature-dependent isobaric frequency shift, including both quasiharmonic and explicit anharmonic behavior. The first term on the right-hand side, the isothermal frequency shift as a function of pressure, is the quasiharmonic contribution to the frequency shift. By defining a mode Grüneisen parameter as the proportionality of the relative change of the mode frequency to the relative change of volume, i.e., γ j = −∂(ln ω j )/(∂(ln V )), this term can be written as γ j β. The second term on the right of Eq. (2) is the pure temperature contribution to the frequency shift from the explicit anharmonicity. From the difference of the isobaric and isothermal frequency shifts, the explicit anharmonicity can be determined experimentally. We used the mode Grüneisen parameters γ j reported by Samara and Peercy 11 from Raman measurements under pressure. Since the γ j are very weakly dependent on temperature, 11, 17 as is the thermal expansion above 300 K, 36 the γ j can be assumed to be constants for identifying the volume-dependent quasiharmonic contribution. The results, summarized in Table II , separate the frequency shifts from quasiharmonicity and explicit anharmonicity. Samara and Peercy's results at 296 K are also shown for comparison. For the B 1g mode, Table II shows that the quasiharmonic and explicit anharmonic contributions are both large but opposite in sign, and their near-perfect cancellation causes the B 1g mode to have a small thermal frequency shift to 1150 K. The quasiharmonic softening of the B 1g mode with increasing pressure (or, equivalently, with decreasing temperature) and its negative Grüneisen parameter are anomalous. The A 1g mode has a similar cancellation of quasiharmonic and explicit anharmonic contributions, but the signs of two contributions are reversed. The positive explicit anharmonic shift of the A 1g mode is unusual. We find this explicit anharmonicity at higher temperatures to be smaller than Samara and Peercy's result below 400 K. There is a similar difference for the E g mode but with an opposite trend, where the explicit anharmonic contribution increases by an order of magnitude when averaged over a larger range of temperature. It becomes comparable to the quasiharmonic contribution, hastening the softening of the E g mode at temperatures above 400 K.
B. Analysis of cubic and quartic anharmonicity
The previous section showed how the comparison of temperature-dependent and pressure-dependent shifts of phonon frequencies can be used to separate quasiharmonic and anharmonic behavior. The anharmonic behavior can be resolved further. When phonon anharmonicities are treated as perturbations that cause interactions of quasiharmonic phonons, it is known how the cubic anharmonicity associated with three-phonon processes and the quartic anharmonicity of four-phonon processes affect differently the shift and broadening of quasiharmonic phonons. The Feynman diagrams for the leading-order contributions to the phonon self-energy are The lowest-order contributions to the shifts, , and broadenings, , of the Raman mode j are derived from the real and imaginary parts of the cubic and quartic self-energies (3) , (3 ) , and (4) ,
where is the phonon frequency and ℘ denotes the Cauchy principal part. The V ( )'s are elements of the Fouriertransformed anharmonic tensor, denoting the coupling strength between the Raman mode j to other modes { q i j i } having quasiharmonic frequencies {ω i } and occupancies {n i }. The broadening of the Raman peaks is 2 (3) (j ; ). The simplicity of the first-order shift (4) (j ; ) is partly a consequence of zero momentum transfer in Raman spectroscopy.
For crystals having atoms without inversion symmetry, as is the case for the rutile structure, an additional low-order cubic term (3 ) (j ), expressed in Eq. (4b), is possible. It corresponds to the second diagram in Eq. (3) with instantaneous phonons at a three-phonon vertex. 37 Group theory further showed that the only nonzero contribution to Eq. (4b) arises from the j 1 mode that belongs to the identity representation. 38 Owing to the rigorous restrictions on the existence of instantaneous threephonon processes, (3 ) is generally much smaller than (3) .
For rutile TiO 2 , this term needs to be evaluated only for the A 1g mode because it does not have inversion symmetry for oxygen atom motions [see Fig. 1(c) ]. Including all shifts, the frequencies of the Raman peaks are
The first term on the right of Eq. (5) is the integral form of the quasiharmonic phonon shift [discussed after Eq. (2)] and from the last term of Eq. (5), (∂ω j /∂T ) V δT = (3) (j ; ) + (3 ) (j ) + (4) (j ) is the explicit anharmonic shift. To obtain β(T ), experimental data from 4 to 1200 K 11, 36 were fitted with a well-accepted analytical form
giving A = 7.16 × 10 −5 , B = 0.524 K, and T 1 = 146.2 K. In what follows, we use Eqs. (4a)-(4d) to identify the magnitudes and signs of the cubic and quartic anharmonicities from the thermal shifts and broadenings of the Raman modes in rutile TiO 2 . We do not calculate the V ( )'s, which are complicated tensor quantities, but instead we treat them as parameters in fitting the experimental trends of the Raman modes. We do a full calculation of the two-phonon density of states, however, as described below.
From Ipatova et al., 40 an anharmonic tensor element for a process with s phonons is
where ( q 1 + · · · + q s−1 ) enforces momentum conservation. Ipatova et al. 40 suggest that the C( )'s are slowly varying functions of their arguments. Several studies used this assumption to calculate or fit approximately the anharmonic broadening. [40] [41] [42] Klemens assumed the frequency-independent part of the coupling tensor for a Raman mode j was a constant that depended on the strain field of the mode. 43 Likewise, we consider the term C(j ; q 1 j 1 ; . . . ; q s−1 j s−1 ) to be a constant of the Raman mode j , and we use it as a fitting parameter. This 094305-5 approximation is not rigorous because C(j ; q 1 j 1 ; q 2 j 2 ) and C(j ; j ; q 1 j 1 ; − q 1 j 1 ) change with j 1 and j 2 , but an average over modes, C( ) = 1,2 C(j ; q 1 j 1 ; q 2 j 2 )/ 1,2 1, is found by the fitting, where 1, 2 under the summation symbol represent q i j i . We define the cubic and quartic fitting parameters as
While the anharmonic tensor describes the coupling strength of phonon-phonon interactions, a prerequisite is that the phonons in these processes satisfy the kinematical conditions of conservation of energy and momentum [as explicitly written in Eqs. (4) and (7)]. Central to phonon linewidth broadening from the cubic anharmonicity, 2 (3) , is the two-phonon density of states (DOS), D( ), defined as
which depends on temperature through the phonon occupancy factors, n. The first and second terms in square brackets in Eq. (9) are from down-conversion and up-conversion processes, respectively. 44 The two-phonon kinematical functional for the anharmonic frequency shifts from the cubic anharmonicity, (3) , is P ( ),
Both D( ) and P ( ) were calculated at various temperatures for the phonon dispersions calculated with the MW shell model, sampling ω qj with a 16 × 16 × 16 q-point grid, giving good convergence. Figure 5 shows representative results for D( ) and P ( ). The down-conversion and up-conversion subspectra of D( ) are shown for 1000 K. The up-conversion processes are skewed to lower frequencies, and disappear above 800 cm −1 , consistent with the highest phonon frequency of rutile TiO 2 being about 800 cm −1 . With Eqs. (7), (8) , (9) , and (10), the anharmonic frequency shifts and linewidth broadenings are rewritten as functions of P ( ) and D( ), weighted by average anharmonic coupling strengths, (3) 
It is an approximation to use the same |C
j | 2 for (3) and (3 ) , but (3 ) is expected to be small, and is nonzero for only the A 1g mode. Using Eq. (11) and Eq. (5) for each Raman mode, both its frequency shift and its broadening were fitted simultaneously with the two parameters, |C Table III . Figures 6(a), 7(a) , and 8(a) also present contributions to the shift from the quasiharmonic and explicit anharmonicity as dashed curves.
VI. DISCUSSION
A. Anharmonicities from experimental trends
Two factors determine the explicit anharmonicity-the anharmonic coupling strength described by the coupling tensor and the two-phonon kinematical processes described by D( ) and P ( ). The two are approximately separable if the anharmonicity tensor does not vary significantly for different phonon processes, and some features of the fits of Figs. 6, 7, and 8 suggest this is approximately true. Figure 5 shows that D( ) has a peak at the frequency 0 = 600 cm anharmonicity and hence the broadening of the mode E g and especially A 1g are large because they are near this peak in D( ). On the other hand, the B 1g mode can have only a small cubic anharmonicity because its frequency is far from 0 . For the E g and A 1g modes good fittings to the broadenings are obtained, indicating the dominance of cubic anharmonicity. The unusual concave downward curvature of broadening of E g in Fig. 3(b) is caused by the large frequency shift of this mode with temperature, which rapidly moves the E g mode away from 0 , and down the steep slope of D( ) in Fig. 5 . This causes the broadening of the E g mode to have a trend with temperature that is less than linear. Starting with the same cubic fitting parameters used for the broadenings, the frequency shifts of the E g and A 1g modes are fit well by adding the quasiharmonic and quartic anharmonic effects. As illustrated in Fig. 7 and Fig. 8 , the quartic contribution (4) is of the same order as the cubic one (3) , consistent with the fact that (4) and (3) are both the leading order terms for the anharmonic frequency shifts. They are opposite in sign, however, because (3) enters with a negative sign times the square of the cubic coupling tensor. The net anharmonic shift is usually negative, as for the E g mode. For the A 1g mode, the additional contribution from the instantaneous three-phonon processes, (3 ) , is also considered, but owing to a symmetry restriction, this term is small. The A 1g mode is unusual, having a net anharmonic shift that is positive, indicating the quartic contribution to the shift is larger than the cubic. Figure 5 shows that, at the frequency of mode A 1g , P ( ) is close to zero. The cubic anharmonic shift (3) is therefore attenuated for the A 1g mode. For the B 1g mode, Fig. 6(a) shows that the fitting deviates substantially from the experimental data. The discrepancies may originate with anharmonic contributions beyond the leading terms we considered. The rapid increase of the linewidth of the B 1g mode above the Debye temperature ( 780 K for rutile TiO 2 ) further supports this argument (a T 2 dependence is typical of broadening from higher-order quartic anharmonicity 40 ). The ratio of cubic to quartic anharmonicity is sometimes evaluated by fitting Raman spectra to a simplified Klemens model, in which the shifts and broadenings from phononphonon interactions [Eq. (4)] include only overtone processes (one optical phonon at the point decays into two or three phonons of equal energy on the same branch). 45 In this simplified model, the temperature dependence of the Raman peak linewidth is Raman data, but the results can be misleading owing to the oversimplified approximations. In performing such fits for our data on rutile TiO 2 , we found a cubic anharmonicity for the B 1g mode that was large compared to the quartic, which we know to be incorrect. This approach also gave a negative fitting parameter B for the quartic anharmonicity to explain the concave curvature of the thermal broadening of the E g mode, which is unreasonable. The independent fits to thermal trends of linewidth and frequency shift [using Eq. (12) and its equivalent] offer no correlation between these quantities, even though they share a dependence on the same cubic anharmonic coupling tensor. Furthermore, it has been shown that the contributions from overtone processes are usually very small, 34 as is shown by the lowest curve in Fig. 5 (a) for rutile TiO 2 . Figure 9 shows the effects of temperature on the frequency shifts and broadenings of the B 1g mode, obtained from MD results such as those of Fig. 4(a) . Also shown is the effect of pressure on the frequency shift of the B 1g mode. These results are in excellent agreement with the experimental data. From  Fig. 9(c) , the Grüneisen parameter of the B 1g mode is found to be −4.23, which compares well to the experimental value of −5.03 reported by Samara and Peercy. 11 To further study the anomalous anharmonicity of the B 1g mode, the frozen phonon method was used with the force field of MW shell model, allowing us to obtain the effective potential energy curve of the B 1g mode at different temperatures and pressures, as shown in Fig. 10 . Three sets of lattice parameters were used, obtained from MD calculations at 300 K and 0 GPa, 300 K and 6 GPa, and 800 K and 0 GPa. These correspond to the volume at ambient conditions, a volume contraction of about 2.4%, and a volume expansion by about 1.3%, respectively. The quadratic potential dominates, and there is no cubic anharmonic contribution, as expected from symmetry. The quartic anharmonic potential is significant, however. Figure 10 shows that the harmonic part of the B 1g potential has a curvature that increases with volume, contrary to 094305-8 the usual trend. This anomalous quasiharmonic response to volume reduces the force constant with increasing pressure, giving an anomalous mode softening. This phenomenon can be explained by the transverse motion of oxygen anion in the B 1g mode, perpendicular to the Ti-O bond. This transverse motion makes the mean interatomic distance R = | r O − r Ti | greater than the distance between the mean atomic positions R 0 = | r O − r Ti |. An increase in volume increases the tension in the bond, tending to bring R closer to R 0 . The restoring force for transverse motion is thus increased, and the mode is stiffened. 46 For most materials, this tension effect is hardly seen because the stretching along the bond direction is usually dominant, and bond stretching weakens the force constant. Rutile TiO 2 is special owing to its open structure, which reduces the coordination of atoms around the oxygen, allowing it large transverse amplitudes. Moreover, the Ti-O bonds are stiff (vibrational modes along this bond direction, such as mode B 2g , are at the highest frequencies). The rigidity of the Ti-O bond suppresses bond stretching for the B 1g mode. A similar mechanism was used to explain the negative thermal expansion in polyethylene and Cu 2 O. 47, 48 The temperature dependence of the B 1g mode is also anomalous-for both experiment and MD calculations, thermal expansion does not stiffen or soften the mode. As discussed following Eq. (2), this results from a quartic anharmonicity that increases with temperature, canceling the stiffening trend from quasiharmonicity.
B. Anharmonicities from MD simulations
The success of the MD calculations at elevated temperature and pressure shows that a shell model with a Buckingham potential can reproduce both the anomalous quasiharmonicity and the explicit anharmonicity of the B 1g mode of rutile TiO 2 , giving a detailed picture than can be compared to results from uniaxial-stress experiments, 49 zero-pressure extrapolations of phonon frequencies, 19, 20 and DFT calculations within the quasiharmonic approximation. 22 No orthorhombic or other distortion was found for our supercell at any temperature or pressure. The anomalous anharmonic behavior of the B 1g mode can be explained by volume effects on quasiharmonic force constants, and by the quartic anharmonicity. We need not invoke an incipient phase transition to the orthorhombic structure to explain this anharmonic behavior.
For the E g and A 1g modes, the force field of the MW shell model qualitatively accounts for the large anharmonicity. As shown in Fig. 11 and Fig. 12 , we obtain the trends of the large linewidth broadenings and the thermal softening of the E g mode, but the MD calculations significantly underestimate the amount. The E g and A 1g modes are more anharmonic than predicted by the MW shell model.
For each Raman mode, Fig. 13 compares the anharmononic potential to the harmonic potential, both obtained from the frozen phonon method with the MW shell model. The B 1g mode shows a large quartic potential. The A 1g mode is dominated by cubic anharmonicity. (A cubic contribution is not allowed by symmetry for the B 1g and E g modes.)
Since the MW shell model significantly underestimates the anharmonicity of the A 1g mode, the actual cubic potential energy could be larger. Evidently the frozen phonon potential cannot itself explain the large anharmonic effects, especially for the E g mode, due to the fact that the frozen phonon potential does not account for phonon-phonon interactions. The large anharmonic effects of the E g mode may originate from the many couplings between anharmonic phonons. 
where g( ) is the single phonon DOS at the temperature of interest, and n( ) is the phonon occupancy. Although Eq. (13) is derived from the harmonic model, it is known to be valid for anharmonic systems to first order in perturbation theory. 51 From the phonon DOS obtained by MD simulations at elevated temperatures, S vib was calculated with Eq. (13) and the results are presented in Table IV . The calculated results are in general agreement with the experimental data, but the discrepancies 300 400 500 600 700 800 900 1000 suggest that the average phonon frequencies from the MD calculations are about 3.7% too small.
VII. CONCLUSIONS
Raman spectra were measured on rutile TiO 2 at temperatures to 1150 K, and giant anharmonic behaviors were found for the shifts and broadenings of the three measurable Raman peaks. The pressure dependence and temperature dependence of the Raman peak shifts were used to separate the anharmonic behavior from the quasiharmonic behavior. Individual assessments of the cubic and quartic contributions to the anharmonicity were performed with a new data fitting method based on the kinematics of three-phonon and fourphonon processes, with the phonons calculated from a shell model in this case. In fitting the anharmonic behavior, mode broadening is from effects of cubic anharmonicity, while the anharmonic shifts are from the same cubic factor plus a quartic anharmonicity. The quartic anharmonicity of the B 1g mode was found to be large, and its cubic anharmonicity small, unlike the large cubic anharmonicity found for the E g and A 1g modes. From successes of the fitting method, we suggest that the observed anharmonic effects are dominated by considerations of the kinematics of energy and momentum conservation in the phonon-phonon scattering processes, and less by the details of the anharmonicity tensors.
Force-field molecular dynamics (MD) calculations were performed with the same shell model. Both the anomalous quasiharmonic behavior and the explicit anharmonic behavior of the B 1g mode from our calculations were in excellent agreement with the experimental observation. No orthorhombic distortion was found, suggesting that the anomalous anharmonicity originates with the phonon responses to temperature and pressure, and not an incipient phase transition. Discrepancies for the E g and A 1g modes suggest that the shell model potential may not be sufficient for obtaining accurate anharmonicities from molecular dynamics calculations, however.
